The number of complements of a topology on n points is at least 2n (except for some special cases)  by Brown, Jason I. & Watson, Stephen
DISCRETE 
MATHEMATICS 
ELWVIER Discrete Mathematics 154 (1996) 27-39 
The number of complements of a topology on 
n points is at least 2” 
(except for some special cases) 
Jason I. Browna>*, Stephen Watson b 
a Department of Mathematics. Statistics and Computing Science, Dalhousie University, Hahfax, 
NS, Canada B3H 3J5 
b Department of Mathematics and Statistics, York University, North York, Ont., Canada M3J lP3 
Received 5 January 1994; revised 22 November 1994 
Abstract 
We improve the results of Hartmanis (1958) and Schnare (1968,1969) by showing that, if 
n 34, then any topological space on n points (equivalently, any preordered set on n points) 
which is not in a certain short list has at least 2” complements. We have evaluated the exact 
number of complements of each of the topologies in the short list. 
1. Introduction 
It is well known that the topologies on a fixed set form a lattice under containment. 
Two topologies on a set X are said to be complementary if their join and meet in 
the lattice of all topologies on X ordered by containment are, respectively, the ‘ 1’ and 
‘0’ of the lattice, i.e. the smallest topology containing both is the discrete topology 
on X and the largest topology contained in both is the indiscrete topology on X. 
Many people have investigated problems associated with complements of topologies - 
see, for example, [12,20,14-16,1,2,6,5]. One problem of particular interest is the 
number of complements a given topology has. In 1958, Hartmanis [12] showed that 
any topology on a finite set has a complement. Indeed he showed that each topology 
(except the discrete and the indiscrete topologies) on a set of size at least 3 has at 
least 2 complements. In 1968, Schnare [15] showed that, if n 22, then any topology on 
a set of size n which is neither discrete nor indiscrete has at least n - 1 complements; 
the latter was utilized by Schnare to show that every proper topology on an infinite set 
has infinitely many complements. In 1969, Schnare showed that any proper topology 
on a set of infinite cardinality K has at least K distinct complements and at most 
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22h many distinct complements. By exhibiting examples of topologies on a set of 
cardinality rc which possess exactly K complements, exactly 2” complements and exactly 
22K complements, Schnare showed under the generalized continuum hypothesis that 
there are exactly three values for the number of complements of a topology on an 
infinite set. In [21] the assumption of the General Continuum Hypothesis was removed 
when K = No and some such hypothesis was shown to be necessary when K > No. 
We return to the finite case here and strongly improve the results of Hartmanis 
and Schnare by showing that, in fact, the minimum number of complements. of most 
topologies on a set of size n grows exponentially; if n 34, then any topology on a set 
of size n which is not in a short ‘forbidden’ list has at least 2” complements. We have 
evaluated the exact number of complements of each of the topologies in the short list 
as well. 
2. Finite topologies and preorders 
There is a well-known and straightforward correspondence (cf. [ 111) between topolo- 
gies on finite sets and reflexive, transitive relations @reorders) on those sets. Let X be 
a finite set. Given a topology r on X, we can form the preorder {(x, v) : y is in every 
open set that contains x} on X. Conversely, given any preorder R on X, we can form a 
topology on that set by taking the sets {y : (x, y) E R}, as x varies, as a base. Thus the 
rc, topologies on X correspond to the partial orders on X. This correspondence takes 
homeomorphic topologies into isomorphic preorders. Moreover, it is a bijection between 
the lattice of all topologies on X, under &, and the lattice of all preorders on X, under 
2. In particular, two topologies on X are complementary if and only if the correpond- 
ing preorders are complementary. Thus, for our purposes, the difference between the 
two structures is a matter of language. (See [lo] for a recent survey of results on finite 
topologies as well as determination of the number of topologies on at most 14 points.) 
In this article, we use the terminology preordered set to refer to a reflexive transitive 
relation on a set, and use the standard terminology of preorders and partial orders (cf. 
[19]). We acknowledge the fact that any preordered set is a directed graph (in fact, 
preordered sets are precisely the reflexive, transitive directed graphs), and we utilize 
the common notation (cf. [4]) of directed graphs whenever it is handy. For example, 
we call the reflexive edges ‘loops’ while all other edges are called ‘arcs’; we define 
an equivalence relation u N u if and only if there is a walk from u to v and a walk 
from v to u and define a strongly connected component of D to be an equivalence 
class under -. 
The indiscrete and discrete preordered sets on a set of size n (which correspond to 
the usual indiscrete and discrete topological spaces, respectively) are defined to be the 
directed graphs which have all n(n - 1) arcs between distinct pairs of points and no 
arcs, respectively. 
The translation from topological spaces to preordered sets produces the following 
observation. 
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Observation 2.1. Preorders PO and PI on a fixed jinite set correspond to comple- 
mentary topologies if and only if they are arc disjoint and their union is strongly 
connected, i.e. if, in the union, one can walk from any point to any other point. 
Thus we make the following definition. 
Definition 2.2. Two preordered sets P and P’, both on a set X of size n, are comple- 
mentary if P n P’ = {(x,x) : x E X} and (X, P UP’) is strongly connected (that is, the 
transitive closure of P U P’ is X x X). 
An element x of a partially ordered set P is isolated if there are no arcs involving 
x. A nonisolated point x of a partially ordered set is maximal if there is no y with 
x < y, and x is minimal if there is no y with y < x. We often represent a partially 
ordered set P by its Hasse diagram, a standard graph representation in which, if x < y 
and there is no z with x < z < y, then there is a edge between x and y with y placed 
above x. 
A preordered set is proper if it is not discrete or indiscrete. The dual P-’ of a 
preorder P on a set satisfies: (x, y) is an edge of P-’ if and only if (y,x) is an 
edge of P. Note that two preordered sets are complementary if and only if their duals 
are complementary. Thus a preordered set and its dual have the same number of 
complements. 
Given a subset X’ of the underlying set X of a preordered set P, the preordered set 
induced by X’ is just X’ with the preorder which is the restriction of the preorder of P 
to X’. We shall often speak simply of a subset of P but mean the induced preordered 
set with that underlying subset as its set. We will also take ?c E P to mean that x is 
an element of the underlying set of P. Similarly we will take A c P to mean that A is 
a subset of the underlying set of P. P - x and P - A will denote the preorders on the 
underlying sets. 
A discrete subset of a preordered set P is a subset of P which is discrete; and an 
indiscrete subset of P is a subset of P which is indiscrete. An up-set in a preordered set 
P is a subset U of P that is closed upwards, i.e. if u E U and (u, u) is an edge of P, then 
u E U. A down-set in a preordered set P is a subset U of P that is closed downwards, 
i.e. if v E U and (u,v) is an edge of P, then u E U. The up-sets of a preordered set 
correspond precisely to the open sets of the corresponding topological space. 
Given two disjoint subsets U and V of a preordered set P, we say that U is above 
V (or V is below U) if (v,u) E P and (u,v) $Z P for all u E U and v E I/. 
The condensation of a preordered set P is the preordered set p(P) whose points are 
the strongly connected components S,, . , S, of P, and whose arcs are 
{(Sj,S,) 1 3Uj E Siy 3 V, E Sj with (Ui,r,) E P}. 
The condensation of any preordered set is in fact a partially ordered set. We therefore 
can draw a preordered set as an ‘extended’ Hasse diagram, where the strongly con- 
nected components are indicated by a horizontal path. We say that a strongly connected 
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component U of a preordered set P is minimal (maximal, isolated) if U is minimal 
(resp. maximal, isolated) in the condensation p(P). 
Finally, given two disjoint preordered sets P and Q, the free union of P and Q is 
the union of the underlying sets of P and Q with the preorder which is just the union 
of the preorders of P and Q. 
3. The main result 
We now return to our problem of the number of complements of a preordered set 
(or topological spaces) on a set of size n. In Fig. 1, we list (up to isomorphism and 
duality) the proper preordered sets on at most 4 points, along with their number of 
complements. The latter were determined with computer aid. In fact, machine-assisted 
computations played a central role in formulating an appropriate conjecture that became 
I 1 
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Ah 7 
Fig. 1. 
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Theorem 3.3, and are essential in the base cases n Q 5 of the inductive proof. The pre- 
ordered sets on a small number of points were constructed recursively in the computer 
as adjacency matrices of preordered sets, and with subroutines to check arc-disjointness 
and to produce transitive closures, we could count the number of complements of any 
preordered set on at most 5 points. (Of course, we needed only to calculate these 
numbers for one representative from each isomorphism class.) We point out that there 
are indeed many preordered sets on a small number of points, up to isomorphism, as 
the next table in Fig. 2 (see [8]) shows. 
We need to separate out the preordered sets that have few complements. 
Definition 3.1. A preordered set on n 24 points is forbidden if it is one of the 
following (see Fig. 3): 
?? discrete, 
?? indiscrete, 
?? the free union of a discrete set and an indiscrete set, 
?? an indiscrete set with a single element above it, 
?? an indiscrete set with a single element below it. 
There is one more class we need to define to enable us to work inductively. 
Definition 3.2. A preordered set on 4 points is defective if it is isomorphic to one of 
the sets shown in Fig. 4. 
Note that from Fig. 1 the defective classes have 14, 12, 15 and 14 complements 
respectively. All of these numbers are smaller than 24 = 16, and in fact, among all 
the preordered sets on at most 4 points, Fig. 1 shows that the defective and forbidden 
preordered sets are the only preordered sets with fewer than 2” complements (where 
n is the size of the underlying set). 
n ] Number of preordered sets on n points 1 
1 1 
2 4 
3 29 
4 355 
5 6,942 
6 209,527 
7 9,535,241 
8 642,779,354 
9 63,260,289,423 
10 8.977.053.873.043 
Fig. 2. Number of preordered sets on at most 10 points 
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Fig. 3. Forbidden preordered sets 
A 0 ..r Ia Y. 
Class 1 Class 2 Class 3 Class 4 
Fig. 4. Defective preordered sets. 
Theorem 3.3. Any topology on n > 5 points whose corresponding preordered set is not 
forbidden has at least 2” many complements. Furthermore, any topology on n = 4 
points whose corresponding preordered set is neither forbidden nor defective has at 
least 2” many complements. 
Before we begin the proof of this result, we will need two small but important 
observations. 
Observation 3.4. Any preordered set P that is not indiscrete has at least two nonempty 
up-sets and two nonempty down-sets. 
Observation 3.5. Suppose that P is a nonindiscrete preorder with a strongly con- 
nected component A that is minimal, maximal or a single isolated vertex. If P - A 
and Q are complementary preordered sets then we can extend Q to a complement 
Q’ofPby 
??placing a nonempty subset A’ of A above some nonempty up-set of Q with A 
discrete, if A is minimal in P, 
??placing a nonempty subset A’ of A below some nonempty down-set of Q with A 
discrete, tf A is maximal in P, and 
?? taking the element of A and adding it to a class of Q if A consists of a single 
isolated vertex. 
Using these two observations, we derive the following useful result. 
Corollary 3.6. Suppose that P is a nonindiscrete preordered set on n points with a 
strongly connected component A that is maximal, minimal or a single isolated vertex. 
Zf P -A has at least 2”-lAl complements, then P has at least 2” complements. 
Proof. As P - A has at least 2”-lAl 22 complements, P - A is neither indiscrete nor 
discrete. If A is minimal in P, then by Observation 3.5, placing a nonempty subset A’ 
of A above some nonempty up-set of Q with A discrete always yields a complement 
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to P. There are 21A1 - 1 many nonempty subsets of A, and by Observation 3.4, there are 
at least 2 nonempty up-sets of P - A. Thus we have constructed at least 2 . (21Al - 1). 
2”-IAi 22” complements of P. If A is maximal, a similar argument holds. Finally, 
if A is a single isolated vertex, then as P - A is not discrete, its complements are 
not indiscrete, and hence each have at least 2 strongly connected components. From 
Observation 3.5 we can add A to any one of these strongly connected components to 
get a complement of P. There are at least 2 .2”-1’1 = 2 .2”-’ = 2” of these. ??
Proof of Theorem 3.3. We shall work with preordered sets and their complements. 
Fig. 1 shows that we can assume that n 2 5, and in fact we have verified the theorem by 
computer for n = 5 as well. Thus we can assume that n 2 6. Let P be any preordered 
set on n points that is not forbidden. Let Min(P), Max(P) and Isol denote the sets 
of strongly connected components of P that are minimal, maximal and isolated (note 
that in our terminology, these sets are disjoint). As P is not forbidden, either P is the 
free union of indiscrete preordered sets, or Min(P) and Max(P) are both nonempty 
(with every element of Min(P) below some element of Max(P) and every element of 
Max(P) above some element of Min(P)). Throughout the proof we denote subsets of 
P by upper case letters; the cardinality of these sets are denoted by the corresponding 
lower case letter. Also, the only arcs present in a constructed preordered set are those 
that are explicitly mentioned. 
Let d denote the set of all strongly connected components A E Min(P) U Max(P) 
such that P - A is not forbidden, and assume for now that d is nonempty. 
If there is an A E d such that P - A is nondefective and on at least 4 points, then 
by induction P-A has at least 2”-” complements, and by Corollary 3.6, P has at least 
2” complements. As P has at least 6 points and any nonforbidden graph on at least 
5 points is nondefective, we can assume that each A E d has cardinality at least 2. 
Furthermore, we can use Corollary 3.6 to assume that there is no isolated vertex x of 
P such that P - x is nonforbidden. 
Thus we can assume that for each A E d, P -A is either defective or has at most 3 
points. Assume that there is an A E d with P -A having at most 3 points, and again 
assume without loss that A is maximal in P. Let B be a strongly connected component 
in Min(P) below A, and let C = P - A - B. If C = 8, then as P is not forbidden, 
b = 2 or 3. If C # 0, then either b = 2 or b = 1. If b = 2, then C consists of a single 
point, which cannot be isolated by the last remark in the previous paragraph, and as 
P - C is nonforbidden, C cannot be maximal or minimal in P, i.e. C is above B but 
below A. If b = 1, then either c = 1 or c = 2. If c = 2, then as B is minimal, P - B, 
which has at least 5 points, cannot be nonforbidden, so C must be a discrete set with 
no arcs to A; for any vertex x of C, x is either isolated or maximal and P - x has 
at least 5 points and is nonforbidden, and hence P has at least 2” complements again. 
Thus one of the following occurs: 
?? A and B make up all of P, with b = IBI = 2 or 3, 
?? b = 2, c = 1 with A above C, which is above B, and 
. b=c=l. 
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In the first case, the complements consist of at least one arc from A to B, and this 
yields 2ab - 1 > 2” as n = a+b B 6 and a, b Z 2. In the second case, some complements 
of P have at least one arc from A to B and possibly some arcs from C to B, yielding 
at least (22a -1).22 > 2 a+3 = 2”. In the third case, some complements of P consist of 
placing a nonempty subset Al of A below C which is below B, and choosing a subset 
A2 disjoint from Al below B. As a 24, this yields 3” - 2O > 2a+2 = 2” complements. 
Now assume for all A E d, P -A is defective (and hence contains exactly 4 points). 
Pick any such A, and assume again, without loss, that A is maximal. Again, let B be 
a strongly connected component in Min(P) below A, and let C = P - A - B. As we 
have assumed that there is no isolated or minimal element x with P -x nonforbidden, 
we can assume that P - A has no isolated elements. It follows that P - A must be 
defective of Class 3, a > 2 (as n = a + 4 B 6) and B and C are respectively the bottom 
and top strongly connected components in the preordered set of Class 3. B is minimal 
in P and P - B has at least 4 points. If P - B is nonforbidden and nondefective, 
then we can replace A by B to derive at least 2” complements. Otherwise P - B must 
either be forbidden or defective, and as A and C are both indiscrete sets with a 22 
and c = 2, P - B must also be defective of Class 3, with A being the top set (as A 
is maximal in P). Thus P has 3 strongly connected components A, B and C of size 
2 each, with A above C which is above B. Some complements of this preordered set 
have at least one arc from A to B, a possibly some arcs from A to C; this yields at 
least (24 - 1)24 > 26 = 2” complements. 
Thus we can assume that & is empty, that is, for every strongly connected com- 
ponent A of P in Min(P) U Max(P), P - A is forbidden. Now either p(P) is discrete, 
and hence P is the free union of indiscrete preordered sets (i.e. P is an equivalence 
relation), or p(P) is not discrete. 
If P is an equivalence relation, consider the classes Cl,. . . , ck. As P is not forbidden, 
P has at least two classes of size at least 2, and from Corollary 3.6 we can assume 
that no C; has size 1. We form complements of P either by 
?? dividing each Ci into subsets Ay,A! and A? with A: and A,! nonempty, and placing 
A: above Ai+l and Ai below A:+, for i = l,...,n - 1, or 
?? taking proper subsets Ai of Ci and any permutation rc of { 1,. . . , n}, placing A,(i) 
above A:(,+, ) for i = 1,. , II - 1, choosing a subset S of ut, Cnci) - A,ci) that 
intersects C’n(i) - Ax(i) in exactly one vertex if i = 1 or n and at most vertex 
otherwise, and forming an indiscrete set on S. 
This gives a total of at least 
many complements of P. If k >3, then k! > 4, and the second term is more than 2”. 
If k = 2 and cl, c2 > 3, then 3cl - 2ci+1 + 1 > 2’1 for i = 1, 2, and so the first term 
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more than 2”. Finally, if k = 2 and say cl = 2, c2 24, then the first term is at least 
2(3*-2 - 2”-’ + 1) which exceeds 2” whenever n 3 6. 
Now assume that p(P) is not discrete. Choose a strongly connected component A 
which is minimal and has another strongly connected component above it. As P - A 
is forbidden, we have a number of cases: 
1. P - A is an indiscrete set B above an element C or the dual of this diagram, 
2. P -A is discrete, or 
3. P - A is indiscrete, or 
4. P - A is the free union of a discrete set B and indiscrete set C. 
Below, when we use the term ‘partition’, we mean an ordered partition where some 
sets may be empty. 
Consider the first case. There are four configurations: 
1.1. A and B below C. 
1.2. A and C below B. 
1.3. A below B below C. 
1.4. A below C below B. 
As P -A is assumed to be forbidden, it has at least 4 points. This implies that in all 
configurations, b 23. Note also that in all subcases except for Subcase 1.3 (where B 
is neither maximal nor minimal), aa3 as otherwise P - B has at most 3 points and 
is hence nonforbidden. 
Subcase 1.1: Partition A into four sets Al, AZ, A3 and Ad, and similarly for B, so 
that A,,A2, BI and B2 are nonempty. Place B2 below Al, A2 below B1 and C below 
AI, BI, A3 and B3. Each of these constructions provides a complement to P, and there 
are 
(4a - 2. 3a + 2”)(4’ - 2. 3b + 2b) > 2a+b+’ = 2” 
of them, as a, b > 3. 
Subcase 1.2: If we choose C instead of A, then C is minimal, and P - C is not 
forbidden, contradicting our assumption that no such set exists anymore in our pre- 
ordered set. 
Subcase 1.3: If a 22, then choose C instead of A to find that C is maximal and 
P - C is not forbidden. Thus a = 1 and b > 4 (as n = b + 2 > 6). Partition B into 
sets B,, B2, B3 and B4, and place B1 and B3 above C and A above BI and B2 (if 
B1 = 0 then still place A above C). These are all complements of P, and there are 
4b = 4”-2 > 2” of these. 
Subcase 1.4: Again, we can assume that a > 3. A complement of P is formed by 
taking any nonempty subset of B x A, so we have at least 2ab - 1 > 2°+b+’ = 2” 
complements. 
Now assume Case 2 holds, i.e. P - A is discrete. Then P - A uniquely partitions 
into B and C where B is above A and C consists of isolated vertices. Note that as a 
vertex x E B U C is either a maximal or isolated strongly connected component of P, 
P - x must be forbidden, and hence either b = 1 and c = 1, or b 32 and c = 0 
(if b = 0, then P is the free union of discrete and indiscrete sets, contradicting the 
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fact that P is not forbidden). If b = c = 1, say B = {x} and C = {y}, then some 
complements of P can be formed by partitioning A into A,,A2 and A3 with Al above 
y, and y and A2 above x, with A1 nonempty. There are 3” - 2” > 2a+2 = 2” of these. 
In the other case, B = {x, y} is above A (and C = 8). Some complements of P are 
formed by choosing at least one arc from each of x and y to A, and this counts at 
least (2” - 1)2 > 2a+2 = 2” complements. 
According to Case 3, P-A is indiscrete. As P is not forbidden and not an equivalence 
relation, B = P-A is above A, and a, b > 2, n = a+b > 6. The complements of P consist 
of a nonempty subset of B x A, and hence P has 2ab - 1 > 2a’b = 2” complements. 
The final case, Case 4, is that P - A is the free union of a discrete set B (of size 
b > 1) and an indiscrete set C (of size c 32). If b 22, we can pick a vertex x of B 
(which is either maximal or isolated in P) so that A is still minimal in P -x (i.e. not 
isolated), and it is easy to verify that P - x is not forbidden and on at least 5 points. 
Hence we can assume that b = 1. By choosing B = {y} instead of A, we see that 
P -B must be forbidden, and as A and C are indiscrete with c > 2, we must have a = 1 
(and ~24). Let A = {x}. Either y is above x (and either C is isolated or above x as 
well), or y is isolated and C is above x. In the former, we partition C into Cl, C2, C3 
and Cd with x above y, Cr and C2, and y below Cr and Cs, insisting that Cr U Cs and 
C2 u C3 are nonempty; these yield 4’ - 2 .2’ + 1 > 2c+2 = 2” complements of P. In 
the latter case, partition C into Cl, C2 and C3 with Cr nonempty, and place x above 
y and C2, and y above Cr ; these yield 3’ - 2’ > 2ci2 = 2” complements of P. 
As we have exhausted all cases, any nonforbidden P on at least 6 points has at least 
2” complements. 0 
We turn now to characterize the values less than 2” that occur as the number of 
complements of a preordered set on n points. First we consider those preordered sets 
that are the free union of discrete and indiscrete sets. 
Theorem 3.7 (see [21]). Zf a preordered set P on n points is the free union of an 
indiscrete preordered set Z on k > 0 points and a discrete preordered set D on j 
points, then P has precisely kj many complements. 
Proof. Suppose Q is a complement to P. Let d E D. As we can walk from d to Z and 
Z to d in P u Q, by considering shortest such walks (whose only vertices from Z are 
the ends of the path), there must be edges (d,x), (y,d) E Q for some x, y in I. By 
transitivity, (x, y) E Q, and as X, y E I, (x, y) E P as well. By the complementarity of 
P and Q, x = y. Thus every vertex d E D is joined by a double arc in Q to exactly 
one i E I, and these are the only arcs between D and Z in Q. It follows (as Q and 
P are arc disjoint) that the only other arcs in Q are the transitive arcs generated by 
these, i.e. Q is the disjoint union of indiscrete sets II,. . . ,Z,,, and a discrete set D’ such 
that each vertex of D belongs to exactly one of Ii,. . . ,I, and each Zj (j = 1,. . . ,m) 
contains exactly one vertex of I. Note that in fact every such Q is a complement to 
P. The number of such Q’s is exactly kj, and we are done. ??
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We handle one other forbidden class. 
Theorem 3.8. Let V,, be a preordered set on n points which has an indiscrete set I 
of s n - 1 which is either maximal or minimal (and hence either above or below the 
remaining element x). Then V, has exactly 2”-’ - 1 complements. 
Proof. Without loss (by considering the dual of P) we can assume that I is above x. 
Suppose Q is a complementary preordered set to P. Clearly there must be arcs from 
I x {x}, and there can be no other arcs in Q (as all other arcs belong to V,). Hence 
Q consists of a nonempty subset of I x {x}. Any such Q is in fact a complement to 
V,,, and there are precisely 2+’ - 1 many of these. 0 
These last two theorems allow us to enumerate the number of complements smaller 
than 2” for a topology on n points. 
Corollary 3.9. The possible numbers of complements of topologies on n points are 
?? (n = 4) 1,3,4,7,12,14,15 and 16 or more, 
?? (n = 5) 1,4,8,9,15 and 32 or more, 
?? (n = 6) 1,5,16,27,31 and 64 or more, 
?? (n = 7) 1,6,25,32,63,64,81 and 128 or more, 
b (n = 8) 1,7,36,64,125,127,243 and 256 or more, 
?? (n = 9) 1,8,49,128,216,255 and 512 or more, 
?? (n = 10) 1,9,64,256,343,511 and 1024 or more, 
?? (n = 11) 1,10,81,512,1023 and 2048 or more, 
?? (n = 12) l,ll, 100,729,2047 and 4096 or more, 
?? (n = 13) 1,12,121,1000,2048,4095,6561 and 8192 or more. 
Indeed the number of topologies on n points with fewer than 2” complements is 
unbounded as n tends to infinity but this growth is quite slow. 
4. Open problems 
We end this paper with a few related questions. 
Problem 4.1. What is the spectrum of possible numbers of complements of topologies 
on a set of size n? 
Problem 4.2. Which topologies on n points have the most complements? 
We conjecture that the answer to the last question corresponds to a preordered set 
with 1 above a discrete set on { 2, . , n - 1) which is above n. 
We wish to point out that while the minimum number of complements of non- 
forbidden topologies on 25 points is at least 2”, we can do much better for almost 
all topologies on n points. 
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Proposition 4.3. Almost every topology on n points has at least 2n’/16fo(nz) 
complements. 
Proof. It was shown in [ 131 that the Hasse diagram of most partially ordered sets 
on n points consist of three levels Li, L2 and L3, with LI minimal, L3 maximal, and 
ILlI, IL31 = n/4 + o(n). In fact, it is not hard to show [7] that almost all of these 
partially ordered sets P have every element of L3 above every element of Ll. For a 
given such partially ordered set P, if we take any nonempty subset of L3 x L1, we get 
a complement to P. Hence we get at least 
2(“/4+o(n)),(n/4+o(n)) _ 1 = 2n2/i6+o(n2) 
complements to P. Erne [9] proved that almost every topology on n points is TO, and 
hence the result follows. 0 
These problems on number of complements has an interpretation in terms of an 
associated graph. Let Top, denote the graph whose vertices are all proper topologies 
on {l,..., n}, with an edge between vertices r and G if and only if r and o are 
complements. Similarly, let ToTop, denote the graph whose vertices are all proper 
TO topologies on { 1,. . . , n}, with an edge between vertices r and o if and only if t 
and o are complements. Various combinatorial properties of these graphs have been 
investigated in [7]. The number of complements of a proper topology r is clearly the 
degree of t in the graph Top,,, and problems 1 and 2 above ask for the degree sequence 
and maximum degree respectively. 
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